We use quantum tori Lie algebras (QTLA), which are a one-parameter family of sub-algebras of gl~, to describe local and non-local versions of the Toda systems. It turns out that the central charge of QTLA is responsible for the non-locality. There are two regimes in the local systems -conformal for irrational values of the parameter and non-conformal and integrable for its rational values. We also consider infinite-dimensional analogs of rigid tops. Some of these systems give rise to "quantized" (magneto-)hydrodynamic equations of an ideal fluid on a torus. We also consider infinite dimensional versions of the integrable Euler and Clebsch cases.
Introduction
Infinite dimensional Lie algebras are natural to describe symmetries of integrable systems in 1 + 1 and 2 + 1 dimensions. For example, Kac-Moody algebras are known to describe symmetries in 1 + 1 dimensions (cf., for example [1] ). gl~ and its subalgebras arise in the case of 2 + 1 dimensions; see [2, 3] for KP and [4] for the two-dimensional infinite Toda chain. Some new systems were considered in [5] [6] [7] . The Virasoro algebra plays a role in the description of the symmetries of the KdV equation [8] and some other equations [9] .
Here we consider trigonometrical Lie algebras ~ [10], which, having Connes non-commutative geometry [11] in mind, are also called quantum tori Lie algebras (QTLA). This is due to the fact that they arise as the natural commutator of associative algebras ~r that are generated by two non-commutative elements U1 and Uz satisfying U1U 2 = e4~i'4U2U1 [12] . The algebras are also related to S U (Go) Yang-Mills theories and membranes [13] [14] [15] and are possible candidates * Permanent address: Institute for Theoretical and Experimental Physics, 117258 Moscow, Russia ** Bitnet: SJT@DMUMPIWH for the universal algebra in the description of all integrable interactions which arise in string theory [16] .
QTLA's can be considered as a one parameter (A) family of subalgebras of 9l~, the Lie algebra of all two-sided infinite dimensional matrices with only a finite number of non-zero diagonals. They can be characterized as matrices with (quasi)periodic dependence along the diagonals for (ir)rational values of A.
Starting from a Lie algebra one can naively try to derive dynamical systems with additional integrals of motion. It is then not guaranteed that the resulting systems are completely integrable. There exists however the so-called Adler-Kostant-Symes scheme, based on Hamittonian reduction, which does yield integrable systems. This approach was developed and extended by the Leningrad school; cf. [17, 18] and references therein. It allows, starting from a Lie algebra and an additional structure related to the classical r-matrix, to derive the Lax representation, conservation laws, classical solutions to the corresponding Riemann problem and so on. All steps to be performed are more or less straightforward, following the recipe laid out in [17] . Therefore we will use their approach only for constructing the Lax pairs for integrable systems based on QTLA's.
Our interest in the systems under consideration is based on the idea that algebras that from the very beginning play some role in physical systems often lead to non-trivial dynamical systems, which eventually lead to physical applications. It is worthwhile to emphasize that these algebras describe hidden symmetries of the resulting systems.
From this point of view QTLA are good candidates. The simplest system that we obtain in the above way is the well-known Michailov-Ueno-Takasaki Toda chain [-4] which is a universal object in the theory of integrable systems. As such it appeared recently also in the matrix approach to two-dimensional gravity. This is one more reason why we feel that QTLA's deserve thorough investigation within this approach. In a similar fashion we also derive the non-local version of the Toda system and find that the central charge of the QTLA is responsible for the non-locality.
In the Toda systems we find that their properties depend crucially on the parameter A, leading to conformal theories for A rational and integrable theories otherwise. It is also easy to generalize our construction to the whole Toda hierarchy and to describe the dressing procedure for it in the spirit of [4] . Tops for finite dimensional Lie algebras and for the algebra of symplectic diffeomorphisms were introduced by Arnold [19]. There is a lot of work devoted to generalized tops on finite-dimensional algebras (cf. [17, 20] and references therein). The Euler top on the Virasoro algebra, which is in fact the KdV equation, was considered in [21, 9] . Top-like systems naturally arise for the trigonometric algebra because in the limit A ~ 0 it coincides with the algebra of symplectic diffeomorphisms on a torus. In this case the Euler top is equivalent to the hydrodynamics of an ideal fluid on a torus (this is a particular case of the Arnold approach) and a top in a gravitational field to magneto-hydrodynamics of a superconducting ideal fluid. Thus the systems under consideration correspond to "quantum" versions of these equations where A plays the role of Planck's constant.
The paper is organized as follows. In Sect. 2 we present some preliminaries (to be used in subsequent sections) which contain two types of results. We first describe our main object, QTLA and three realisations which we will use to construct dynamical equations. We then present some Z2 gradations of QTLA and finally its coadjoint action. The former part is needed for deriving the equations for the
